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The sliding of non-Newtonian drops down planar surfaces results in a complex, entangled balance
between interfacial forces and non linear viscous dissipation, which has been scarcely inspected. In
particular, a detailed understanding of the role played by the polymer flexibility and the resulting
elasticity of the polymer solution is still lacking. To this aim, we have considered polyacrylamide
(PAA) solutions of different molecular weights, suspended either in water or glycerol/water mix-
tures. In contrast to drops with stiff polymers, drops with flexible polymers exhibit a remarkable
elongation in steady sliding. This difference is most likely attributed to different viscous bending as
a consequence of different shear thinning. Moreover, an “optimal elasticity” of the polymer seems to
be required for this drop elongation to be visible. We have complemented experimental results with
numerical simulations of a viscoelastic FENE-P drop. This has been a decisive step to unravel how
a change of the elastic parameters (e.g. polymer relaxation time, maximum extensibility) affects
the dimensionless sliding velocity.
PACS numbers: 47.11.-j, 47.50.-d, 47.57.Qk, 68.08.Bc, 83.60.Rs, 83.80.Rs
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I. INTRODUCTION
Controlling and manipulating drops on open surfaces
is a crucial step for applications in many fields, including
chemistry, biomedicine, ink-jet printing, food and phar-
maceutical industry [1–6]. The vast majority of such ap-
plications involves non-Newtonian fluids, e.g. polymer
solutions, biological samples [7, 8], blood [9, 10] or inks
[11], characterised by a non-linear response to external
stresses, consisting either in a shear dependent viscosity
(shear-thinning, shear-thickening or yield stress fluids)
or in elastic effects related to the appearance of normal
stresses. Despite the wide spread of complex fluids, the
research about the behaviour of non-Newtonian drops
is quite recent and limited mainly to spreading [12–16],
dynamic wetting [17–25], and impacting [26–31] on sur-
faces. To the best of our knowledge, only a few works
[32, 33] analyse the dynamics of non-Newtonian drops
sliding down an inclined surface. Notably, polymer solu-
tions usually display both shear-thinning and elasticity,
which are somehow distinctive of two broad categories
of non-Newtonian behaviours, in principle with differ-
ent phenomenology. To decouple these non-Newtonian
effects, existing studies [17–19] consider polymeric flu-
ids mainly featuring either shear-thinning or elasticity.
Spreading measurements [12–16] report very weak devia-
tions from the Newtonian case, both for solutions having
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a shear-dependent viscosity and for normal stress fluids,
suggesting that non-Newtonian features are not relevant
in this kind of phenomena. On the other hand, dynamic
wetting [17] observed by moving a solid tube in a cylinder
of liquid is characterised by strong non-Newtonian devi-
ations for shear-thinning solutions and weaker effects in
case of normal stress fluids. Shear-thinning induces a re-
duction of viscous bending near the contact line and a
lower drag of the solid surface on the fluid in the wedge
like region with respect to a Newtonian reference having
the same zero-shear viscosity [18, 34]. Elasticity present
in Boger fluids promotes an increase of curvature near
the contact line, even if differences between Newtonian
and non-Newtonian liquids are very weak [17]. However
the strongest differences between Newtonian and non-
Newtonian drops are observed in the impact dynamics,
probably because of the higher shear rate involved in
such a phenomenon [9, 26–31, 35, 36]. The post impact
spreading of a shear-thinning drop is faster than a Newto-
nian fluid having the same zero-shear viscosity and slower
than a Newtonian fluid having the same infinite-shear vis-
cosity. The subsequent recoil is slower than a Newtonian
fluid with the same infinite-shear viscosity and is highly
dependent both on viscosity and on surface wettability.
Generally, spreading occurs at higher speed as if the fluid
features a lower viscosity, while recoil dynamics is slower,
as for a more viscous fluid [9, 29, 30, 34–36]. Normal
stress fluids show negligible deviations from the Newto-
nian reference in the spreading phase, whereas bounc-
ing and rebounding are highly suppressed and the reced-
ing contact line is retarded [11, 27, 28, 37, 38]. Shear-
thickening fluids exhibit even more unusual behaviours,
regarding both dynamics and the final state, in partic-
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2ular the maximum deformation does not depend on the
velocity [26].
The first paper [33] focusing on the sliding of non-
Newtonian drops considers polystyrene/acetophenone so-
lutions moving down homogeneous silicon-coated glass
where sliding is often affected by the presence of pearling.
In such a regime, drops are generally found to slide faster
than the silicon oil chosen as Newtonian reference. How-
ever, the rheological properties of the investigated poly-
mer solutions are not accurately detailed and the com-
parison involves set of data extracted from different pa-
pers published by different groups. Our previous work
reports [32] a joint experimental and numerical study
which analyses the sliding of Xanthan (a stiff polymer)
aqueous solutions featuring a pronounced shear-thinning
viscosity. We find that, at variance with Newtonian fluids
where the relation between velocity and driving force is
linear in the steady sliding regime, for viscoelastic drops
this relation is sublinear and depends on the specific poly-
mer and its concentration. Preliminary lattice Boltz-
mann (LB) simulations ascribe such a deviation to the
presence of normal stresses developed in the drop dur-
ing sliding. However, Xanthan solutions are often used
as model system for power-law shear-thinning and only
concentrated solutions exhibit elastic behaviours due to
the entanglement between different stiff polymer chains
[39].
To confirm the results of the LB calculations, we then
decided to perform sliding experiments using drops of
polyacrylamide (PAA) solutions with different molecu-
lar weights. These polymeric solutions exhibit a marked
elastic behaviour and only marginal shear thinning. To
highlight the elastic contributions we systematically com-
pared the sliding of flexible polymer (PAA) drops with
those made of stiff polymers (Xanthan). The experi-
mental results were again complemented with LB sim-
ulations, with the specific purpose of investigating the
effects of the elastic parameters (polymer relaxation time
and finite extensibility). Numerical simulations were also
exploited to visualise the distribution of polymer feed-
back stresses inside the drop and the shape of the drop
during sliding.
The paper is organised as follows: section II deals with
the experimental and numerical techniques applied in
this study, the corresponding results are described in sec-
tions III and IV, while conclusions are reported in section
V.
II. MATERIAL AND METHODS
A. Experiments
We considered polyacrylamide (PAA) featuring differ-
ent molecular weights: Mw ∼ 106 g · mol−1 (Sigma
Aldrich) to which we will refer as PAA of “low” molec-
ular weight, PAALM, and Mw ∼ 107 g · mol−1 (Poly-
sciences, Inc.) which we will label as PAAHM. We dis-
persed PAA polymers either in water or in a mixture
of glycerol and water at a glycerol concentration of 80%
w/w. In both cases, solutions had concentrations rang-
ing in the dilute or semi-dilute regime [12, 13, 40] as
listed in Table I. The rheological properties of PAA so-
lutions were probed through two different methods: i)
measurements performed with a glass capillary (Ostwald
viscometer) provided an evaluation of the viscosity ηOS
at fixed shear rate in the range γ˙ ≈ 1-20 s−1 (see Ta-
ble I); ii) using a plate-plate rheometer (Ares TA Instru-
ments, New Castle, DE, USA) both the viscosity η(γ˙)
and the first normal stress difference N1(γ˙) were deter-
mined as a function of the shear rate (N1 = τ11 − τ22,
where τ11 and τ22 are the diagonal elements of the stress
tensor [41]). As shown in figure 1-a, PAA solutions report
N1 increasing either with the shear rate or the molecu-
lar weight, in agreement with data reported for similar
solutions [42]. Indeed, at the highest shear rates, N1(γ˙)
of PAAHM is about four times greater than the one of
PAALM. In parallel, from Fig. 1-b it results that, while
the viscosity of water solutions of PAALM is nearly shear
independent over a wide range of polymer concentration,
PAAHM/water clearly exhibits a power-law behaviour.
In fact, at concentrations below 2500 ppm, the viscosity
of PAALM/water does not depend on the shear rate, in
agreement with [13, 42]. As the polymer concentration is
increased η becomes weakly shear dependent. At 10000
ppm the solution of PAALM/water behaves as weak shear
thinning fluid, being η(γ˙) decreasing of about 50% over
the explored range of shear rates. However, this thin-
ning is by far much lower than the one commonly ob-
served for power law fluids. To complete this analysis,
we also report for comparison the behaviour of either
stiff polymers (Xanthan solutions, used in similar sliding
experiments [32]) or Boger fluids (i.e. strictly shear in-
dependent viscosity [43]) made of PAALM dispersed at
300 ppm in a mixture glycerol/water 80% (Fig. 1-a,b).
The corresponding ηOS and η(γ˙) taken at low shear rates
are in good agreement with each other. We point out
that PAAHM and the Boger fluids show similar elastic
properties, while the thinning behaviour is totally differ-
ent. The same applies to Xanthan 1500 ppm and PAALM
10000 ppm water solutions.
TABLE I. Viscosity of the non-Newtonian PAALM solutions,
ηOS, measured with a glass capillary (Ostwald) viscometer.
Liquid concentration ηOS
(ppm w/w) (mPa·s)
PAALM/water 250 1.09±0.03
PAALM/water 1500 2.09±0.06
PAALM/water 2500 4.0±0.1
PAALM/water 5000 9.1±0.3
PAALM/water 10000 77±2
PAALM/(glycerol/water 80%) 300 55±2
The substrate used for sliding experiments was a ho-
mogeneous, polycarbonate (PC) plate, whose wettability
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FIG. 1. Panel (a): first normal stress difference for flexible
(PAA at different Mw) and stiff polymer (Xanthan) solutions
as a function of the shear rate. Panel (b): shear dependent
viscosity corresponding to the same solutions (same symbols)
plotted in panel (a). Open circles show the shear independent
viscosity of a Boger fluid obtained by suspending PAALM in
a water/glycerine mixture. Filled square and circle are the
viscosity measured at fixed shear rate with a glass capillary
viscometer for PAALM in water and glycerol/water mixture,
respectively. Xanthan data of both N1 and η are reproduced
from [32], with kind permission of The European Physical
Journal (EPJ).
properties were determined using the sessile drop method
[44]. The sample was characterised both by static and
dynamic contact angles (CA) for each polymer solution.
Values were similar for all solutions and their average
values were: static CA θs = (84 ± 4)◦, advancing CA
θa = (88 ± 5)◦ and receding CA θr = (63 ± 4)◦. Sliding
measurements of 30 µL drops were performed similarly to
[32, 45–47]. Briefly, the desired liquid was first deposited
on the already inclined sample and the drop motion was
followed with a camera. The drop contour was then iden-
tified with a custom-made program, and the velocity of
the steady-state motion was obtained by the temporal
evolution of the frontal contact point [32, 45, 46].
The appropriate dimensionless numbers required to com-
pare the dynamics of drops of different fluids are sug-
gested by the analysis of the sliding problem for Newto-
nian drops [48–50]. Specifically, they are the Capillary
number
Ca =
ηU
σ
(1)
computed from the steady velocity U , surface tension σ
and viscosity η, and the Bond number
Bo = V 2/3ρg sinα/σ (2)
where V is the drop volume, ρ the fluid density, g the
gravity acceleration and α the inclination angle of the
plane. The balance of the forces acting on a Newtonian
drop can be written as
Ca ∝ Bo− Boc (3)
where Boc = V
2/3ρg sinαc/σ is the critical Bond num-
ber, below which the drop remains pinned and does not
move [51].
B. Numerical Simulations
To perform numerical simulations of polymeric fluids
we used a Navier-Stokes (NS) description for the solvent
coupled with constitutive equations for the stress ten-
sor accounting for the (coarse grained) effects of polymer
molecules. We adopted the FENE-P constitutive model,
which hinges on a pre-averaging approximation applied
to an ensemble of non interacting Finitely Extensible
Nonlinear Elastic (FENE) dumbbells [42, 52–56]. The NS
hydrodynamic equations were reproduced with the help
of lattice Boltzmann (LB) simulations of sliding drops
[46, 57, 58]. The specific LB model used was validated
in dedicated papers by some of the authors [32, 59, 60]
and we refer the interested reader to such papers for the
technical details on LB. We only recall here the refer-
ence continuum equations. Inside the drop we solve the
NS equations for the hydrodynamic velocity ud, coupled
to the FENE-P equations for the polymer conformation
tensor C [52–54]:
ρd [∂tud + (ud ·∇)ud] = −∇Pd +∇
(
ηd(∇ud + (∇ud)T )
)
+
+
ηP
τP
∇ · [f(rP )C] + gρd sinα
∂tC + (ud ·∇)C = C · (∇ud) + (∇ud)T · C +
− f(rP )C − I
τP
where Pd is the drop bulk pressure and (∇ud)T = ∂jud,i
is the transpose of the tensor ∂iud,j . The fluid stress ten-
sor in the NS equations is the sum of two contributions:
the viscous stress (ηd(∇ud + (∇ud)T )) and the polymer
feedback stress (ηPτP f(rP )C). The body force gρd sinα is
applied in a given direction to mimic the effect of grav-
ity down the inclined plane. The polymer-conformation
tensor C represents the (ensemble) average of the sec-
ond order tensor constructed with the bead-to-bead sep-
aration vector [52–54]. It gives information about the
stretching and orientation of the polymers in the flow.
The characteristic polymer time τP regulates the relax-
ation of the polymer conformation tensor towards the un-
stretched (equilibrium) value, C = I. Moreover, FENE
polymers can only be stretched up to a finite amount,
which is parametrised by a maximum extensional length
squared L2. The FENE-P potential f(rP ) [52–54] en-
sures such finite extensibility (rp = Tr(C)). In the outer
4continuous phase we integrated the NS equations for the
velocity uc
ρc [∂tuc + (uc ·∇)uc] = −∇Pc+∇
(
ηc(∇uc + (∇uc)T )
)
In all numerical simulations, we made use of a neutral
wetting boundary condition (θs = 90
◦) and a Neumann
boundary condition for the conformation tensor in con-
tact with the flat substrate. The shear viscosity of the
drop is the sum of two contributions, coming from the
polymers (ηP ) and the solvent (ηd). With respect to
the outer phase, the viscosity ratio ηc/(ηd + ηP ) is kept
fixed to unity. This allows us to analyse the behaviour of
Newtonian drops (ηP = 0) in a Newtonian outer phase,
and to compare it with the corresponding non-Newtonian
(ηP 6= 0) problem, for the same shear viscosity and vis-
cosity ratio [32, 59, 60]. We remark that the very same
model was used to highlight the importance of normal
stresses in the sliding drop problem [32]. This was done
for a specific (i.e. fixed τP and L
2) realisation of the
FENE-P parameters. The focus here is on the quanti-
tative impact of a change of these two parameters on
the relation between the Bond number and the Capillary
number.
III. EXPERIMENTAL RESULTS
In Fig. 2 we report results from the sliding experiments
performed with PAALM/water solutions at various con-
centrations. We show the dependence of the Capillary
number on the Bond number, a common method to as-
sess the force balance between interfacial and bulk forces
acting on the drop [33, 48–50]. To compute the Capil-
lary number of the polymer solutions we first neglected
the dependence of the viscosity from the shear rate. For
PAALM with concentration lower than 5000 ppm this is a
reasonable approximation according to the rheology dis-
cussed in Fig. 1. We therefore define CaOS as:
CaOS =
ηOSU
σ
(4)
where ηOS is the viscosity measured at a fixed shear rate
with a glass capillary viscometer, reported in Table I.
Data of PAALM corresponding to low inclinations follow
the Newtonian linear trend, while at higher Bo− Boc the
Ca number stops increasing linearly and shows a sublin-
ear behaviour, with a saturation in the Ca number at
larger concentrations. These findings are similar to what
we have reported for stiff polymers [32]. However, we
point out that the present analysis did not include the
shear rate dependence of the Ca number. To keep into
account for (weak) shear-thinning effects we followed the
same approach that we have introduced for Xanthan so-
lutions in our previous study [32]. We defined an effec-
tive shear rate γ˙eff = U/λ, λ being a characteristic length
scale phenomenologically introduced to account for an
“effective gradient” inside the drop, and U = U(α) the
steady sliding velocity corresponding to the sliding angle
α. The resulting Capillary number was therefore labelled
as Caeff accordingly to the definition:
Caeff =
η(γ˙eff)U
σ
. (5)
Fig. 2-a,b,c shows that Caeff is always smaller than the
shear independent CaOS. This decrease is proportional
to the polymers concentration and it is roughly of the
same entity of the decrease of the viscosity discussed in
Fig. 1. By using Caeff we were then able to compare
the sliding of viscoelastic drops made of polymer’s so-
lutions featuring similar N1 but different shear thinning
dη/dγ˙ (see Fig. 2-c,d). The role played by the elasticity
to produce a sublinear trend in the relation (3) during
sliding has already been addressed in [32]. In the case
of Xanthan, the elasticity is attributed to the network
formed by the entanglement of stiff chains [39], for PAA
it originates from the intrinsic flexibility of single polymer
chains. In Fig. 2-c, we directly compare Xanthan/water
1500 ppm and PAALM/water 10000 ppm and find that
the data overlap nicely when plotted in terms of Caeff.
We point out that in Fig. 2-c the Xanthan and PAALM
data do not cover the same range, because the contact
angle hysteresis (e.g.the Boc) was different in the two
cases. Figure 2-d clearly shows that, while the use of
a constant viscosity introduces just small corrections for
PAALM/water, in the case of power-law fluids like Xan-
than/water solutions Caeff and CaOS result overturned
even respect to water, confirming that the comparison of
the sliding behaviour of drops made of different polymers
can be properly accomplished only by using Caeff [32]. In
the case of Xanthan we computed CaOS by considering
the ηOS measured for PAALM/water 10000 ppm. Indeed,
this value nicely approximates the (common) viscosity
resulting from the intersection between the rheological
curves of Xanthan/water 1500 ppm and PAALM/water
10000 ppm.
As explained in [32] the sublinear portion of the Ca vs.
Bo curve is the result of a supplementary contribution
to the balance of the forces acting on the sliding drop,
provided by the presence of the polymers. We checked
whether this contribution determines in a morphological
change of the sliding drops [34, 61].
To this aim, we imaged the drops motion in the steady
sliding regime, as shown in some examples reported in
Fig. 3 at inclinations corresponding to Bo − Boc ' 0.4.
Both the side view (pictures a-e) and the bottom view
(pictures a’-e’) suggest that, for a fixed plane inclination
PAALM , drops get elongated and develop a cornered rear
tip, as observed for Newtonian viscous oils [48]. In addi-
tion, drop stretching seems to become more pronounced
as the PAA concentration increases. At similar Capil-
lary numbers Newtonian drops do not exhibit such a re-
markable stretching [50]. Therefore, it seems plausible to
attribute the observed behaviour to the presence of the
PAALM polymers. Although the drop shape is highly
sensitive to surface features such as wettability, homo-
5geneity and cleanliness [62], in the case of Xanthan drops
no appreciable stretching is observed (see Fig 3,b,b’), de-
spite the Bo dependence of the effective Ca number is the
same as for PAALM drops (see Fig. 3-d, d’ and Fig. 3-
e, e’). This different behaviour may be due to different
shear thinning. In fact, the side view indicates that the
morphological changes mainly occur in the drop’s wedge,
close to the rear contact line, where the shear rate is max-
imum.
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FIG. 2. Capillary number as a function of the Bond number
for sliding drops made of PAALM/water at 2500 ppm (a),
5000 ppm (b), 10000 ppm (c) and Xanthan/water at 1500
ppm in comparison to PAALM/water 10000 ppm (c,d). Left
vertical axis displays the shear independent Capillary number
CaOS (Eq. 4). Right vertical axis refers to the shear dependent
Capillary number Caeff (Eq. 5). Bars are standard deviation
over different measurements. Line in panels (a,b,c,d) is the
linear fit of water data used as Newtonian reference. Xanthan
and water data are reproduced from [32], with kind permission
of The European Physical Journal (EPJ).
To better understand the contribution of a large N1
to the drop dynamics, we dispersed PAALM in a mix-
ture of glycerol/water at 80% w/w obtaining the Boger
fluid described in Sec. II A and we used higher molec-
ular weight PAAHM in water. Overall, we performed
sliding experiments with two polymer solutions featuring
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FIG. 3. Snapshots showing the side (a-e) and bottom (a’-e’)
view of 30 µL drops sliding down a homogeneous PC surface
inclined by the same angle (α = 76◦).
similar N1, about four times larger than the one of both
PAALM/water and Xanthan/water solutions (see Fig. 1-
a). While the viscosity of PAAHM/water is described by
a power-law fluid model similar to Xanthan/water, the
viscosity of the Boger fluid is strictly shear independent
by definition (see Fig. 1-b). In Fig. 4 we report the Ca
vs. Bo curves of the sliding experiments, accompanied by
characteristic snapshots of the drops taken at the same
inclination as the snapshots reported in Fig.3. A compar-
ison with the sliding of 10000 ppm PAALM/water, pre-
sented in Fig. 2-c, is also reported. The Newtonian refer-
ence for the Boger fluid is the mixture of glycerol/water
80% w/w. As expected, the sliding of Newtonian drops
made of this mixture yields a linear relation between
Ca and Bo, with a slope similar to the one of water
drops. Surprisingly, the same linear trend is also dis-
played by the Boger fluid in spite of the fact that its
elastic effect (N1) is more pronounced than the 10000
ppm of PAALM in water (reported in Fig. 4 for compar-
ison). This trend was tested over an extended range of
both Ca and Bo numbers. At high Ca the error bars
get larger since the sliding was affected by the detach-
ment of satellite microdrops from the rear of the sliding
drops (pearling [50]). In addition, sliding drops contain-
ing polymers (both PAAHM and PAALM ) did not re-
port any appreciable stretching with respect to the ones
made by the corresponding Newtonian solvent, either wa-
ter or glycerol/water mixture, as shown in Fig. 4-a (glyc-
erol/water mixture) and Fig. 4-b (Boger fluid). These ex-
perimental observation suggest that the sublinear depen-
dence in the Ca vs. Bo curve appears only for a limited
range of N1 values. Outside this interval the dynamical
curves are linear and there is no extra stretching due to
the presence of the polymer. This echoes the experimen-
tal findings of Garoff and co-workers on dynamic wetting
[63, 64] performed at fixed velocity (i.e. fixed Ca num-
ber). In these investigations the authors found that the
use of high molecular weight polymers did not introduce
an added force at the contact line, compared to the in-
trinsic elasticity of the solvent [63, 64]. The experimental
findings reported in Fig. 4 will be further discussed and
unraveled in Sec. IV in view of the numerical simulations.
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FIG. 4. Dimensionless CaOS (left vertical axis) and Caeff
(right vertical axis) as a function of Bo− Boc for the Boger
fluid in comparison to PAALM/water at 10000 ppm and
PAAHM/water at 2500 ppm. Line is the linear fit to glyc-
erol/water 80% w/w (the Boger solvent, data not reported)
according to Eq. 3. Bars are standard deviation over different
measurements. Pictures taken from the bottom view of the
experimental setup show drops sliding down a homogeneous
PC surface inclined by the same angle (α = 76◦): glyc-
erol/water 80% w/w (a) and the Boger fluid (b).
IV. NUMERICAL RESULTS
To complement the experimental data we have con-
sidered idealised models where viscoelastic effects can be
tuned and visualised. Even though the fluids we have
considered in the numerical model differ from those of the
real experiments, numerical simulations are quite useful
to reveal the importance of viscoelastic stresses, includ-
ing their distribution, which cannot be deduced from the
experiment. We refrain from establishing a deeper quan-
titative connection between numerical simulations and
experiments, rather we use numerical simulations to ex-
plore the effects of normal stresses in an idealised fluid
where thinning effects are minimised. Specifically, for
the problem of a FENE-P drop, we extended our previ-
ous investigations [32] and addressed systematically the
importance of the free parameters in the model (mainly
τP and L
2, see section II B) in promoting the emergence
of sublinear (and plateau) behaviours in the Ca vs. Bo
curve. We could also visualise the distribution of the
polymer feedback stresses during the motion of the drop,
thus correlating the distribution of those stresses to the
interface shape and the resulting macroscopic velocity.
Echoing the experimental results shown in section III,
we report in Fig. 5 the Ca vs. Bo curve extracted from
the steady state drop velocity for various τP and L
2, at
fixed β = ηP /(ηd + ηP ) = 0.2. Fig. 5-a considers a fixed
L2 = 5×103 with various τP , the latter expressed in com-
putational lattice Boltzmann units (lbu). An important
point of discussion emerges on the role of the parameter
τP in the FENE-P model. One expects viscoelastic ef-
fects to matter when the polymer relaxation time τP is of
the order of the convective time scale [65], τfluid ≈ δ/U ,
set by the characteristic velocity U and the characteristic
length δ of the problem. For the sliding drop, the charac-
teristic velocity is taken from the sliding velocity, while
we expect δ to be of the order of few interfaces widths
for the diffuse interface methods [65]. For our numeri-
cal simulations we could sustain stable computations for
a range of relaxation times τP such that τP /τfluid varies
from values much below 1 to values of order unity [65].
In Fig. 5-a we illustrate the effects introduced by the
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FIG. 5. Ca vs. Bo curves for different values of τP , L
2 and
β = ηP /(ηP + ηd) in the FENE-P model (see section II B).
The line is a best fit based on Eq. 3 for pure Newtonian data.
Symbols are the results of the LB numerical simulations with
viscoelastic drop (full lines are connections to the symbols
as a guide for the eyes). Panel (a): we change τP at fixed
L2 = 5 × 103 and β = ηP /(ηP + ηd) = 0.2. Panel (b): we
change L2 at fixed τP = 10
3 (lbu), β = ηP /(ηP + ηd) = 0.2.
Data about Newtonian sliding are reproduced from [32], with
kind permission of The European Physical Journal (EPJ).
polymers for the aforementioned range of τP for a fixed
L2 = 5× 103: at low Ca, the linear behaviour of the Ca
vs. Bo curve is recovered for all the data, which nicely
collapse on the same master curve. By increasing the
driving force, however, a critical Ca exists around which
the linear behaviour that is found for a Newtonian fluid
is spoiled by viscoelasticity and a plateau emerges. These
results are complemented in Fig. 5-b that shows the ef-
fect of an increase in L2 for a fixed τP . It is readily ver-
ified that the deviations from linearity first emerge with
a slight sublinear behaviour for the smallest L2, while
they produce a plateau for the largest L2 (L2 ≈ O(103))
7[42, 56]. Overall, it is important to observe that the char-
acteristic Ca at which the linear behaviour starts to be
violated is only weakly dependent on the value of the fi-
nite extensibility parameter, while it is more sensitive to
the value of the polymer relaxation time. The charac-
teristic velocity Uc at which the linear behaviour starts
to be violated can be deduced from these data. We es-
timated that the linear behaviour is indeed lost when
τP /τfluid ≈ 1, i.e. when the ratio of the polymer relax-
ation time to the characteristic time of the fluid in the
wedge close to the contact line is of the order one.
With respect to the experimental findings of Fig. 4 few
important remarks are in order. Numerical results of
Fig. 5-a show that the larger the polymer relaxation
time and the smaller is the velocity at which the sub-
linear behaviour emerges. Considering the rheological
data of Fig. 1, and using a fitting procedure on normal
stresses [42], one could estimate that the Boger fluid and
PAAHM/water solution 2500 ppm exhibit a larger relax-
ation time in comparison to the PAALM/water solution
10000 ppm. Then, based on the results of Fig. 5-a, devi-
ations from linearity should start at smaller velocities.
This is not what observed in experiments. Following
other studies in the literature [66–68], one can specu-
late that wall boundary effects [67–69] play a role. Poly-
mers under the effect of shear may migrate away from
the wedge, with the migration more pronounced at in-
creasing elasticity. This would have no counterpart in a
model description based on conformation tensor [66], like
the one we used. In addition, numerical simulations, by
construction, are not affected by hysteresis effects (i.e.
Boc = 0) [32, 45–47], whereas experiments experience
them. It is then possible that the pinning-depinning
point has some role in “triggering” the drop elongation.
We hasten to remark that these are open points worth to
be elucidated with future studies.
Let us then discuss the shape of the drops during the slid-
ing and their relation to the measured velocity. The slight
sublinear behaviour observed for L2 = 102 in Fig. 5-b is
an indication that the driving force (gravity) is balanced
by two distinct effects, one linear in the velocity (viscous
dissipation) and a non-linear one. However, in such con-
ditions, we did not observe a remarkable change in the
drop shape. This contrasts the situation at larger L2
where we observed the plateau behaviour, which some-
how signals a “transition” in the dynamics of the sliding
drop. This is evident in Fig. 6, where we report a si-
multaneous view of the stationary drop shapes together
with snapshots of the polymer feedback stresses for a
fixed L2 = 5× 103 and fixed Bo = 0.024, by varying the
polymer relaxation time τP . We observed pronounced
viscoelastic effects in the wedge flow close to the contact
line while the bulk of the drop behaved essentially as a
Newtonian fluid. Normal stresses basically introduced an
extra driving force which caused drop elongation in cor-
respondence of the point where we observed a flattening
of the Ca vs. Bo curve.
Results of Fig. 6 are finally complemented with the data
reported in Fig. 7, where we show the time history of
the drop length Ld (computed as the distance between
the front and rear contact line) normalised to the drop
diameter at rest for Newtonian and non-Newtonian cases
and different Bo numbers. For all the Newtonian cases,
the stationary drop length did not vary. Conversely, for
the non-Newtonian cases above a given Bo number (cor-
responding to the critical Ca number), the drop length
started to increase and reached a stationary state over a
time lapse of a few tens of τP for the largest Bo numbers
considered.
V. CONCLUSIONS
In this paper we investigated non-Newtonian, vis-
coelastic drops made of flexible polymers sliding down
a homogeneous inclined surface. In our study we
considered the effects of either the shear-thinning or the
elasticity of the polymer solutions, and we also reviewed
previous results obtained with stiff polymers [32]. We
first analysed the relation between the Capillary number
and Bond number and provided quantitative details on
how such relation is affected by different definitions of
the Ca number. Drops with flexible polymers exhibit a
remarkable stretching in steady sliding, which strongly
contrasts with what is observed in drops with stiff
polymers, where the elongation is not observed even at
the highest concentrations. This may be attributed to
the interface bending effects induced by viscosity [70]
which are reduced by the strong shear-thinning [63, 64],
although a more quantitative assessment of this finding
requires future investigations. On the other hand, for
flexible polymers, we found clear evidences that drop
elongation requires a sort of “optimal elasticity” [63–65]
to be observed.
To complement the experimental data and relate the
experimental observations to the micromechanics of
the polymers, we used numerical simulations of an
“idealised” drop with a dilute polymeric solution of
non interacting Finitely Extensible Nonlinear Elastic
dumbbells (FENE-P model). Specifically, we extended
the numerical analysis of [32] by performing a study
in terms of the different model parameters (mainly the
polymer relaxation time τP and their maximum squared
extensibility L2) to highlight how the emergence of the
observed experimental behaviours could be related to
these micromechanical details. We could also visualise
the distribution of the polymer feedback stresses during
the motion of the drop, thus correlating the distribution
of those stresses to the interface shape and the resulting
macroscopic velocity.
8(a) Bo=0.024; τP = 500 (lbu), L
2 = 5× 103 (b) Bo=0.024; τP = 1000 (lbu),
L2 = 5× 103
(c) Bo=0.024; τP = 2000 (lbu),
L2 = 5× 103
FIG. 6. Stationary drop shapes and polymer feedback stresses inside the drop obtained for L2 = 5 × 103 and Bo = 0.024 by
varying the polymer relaxation time τP . Viscoelastic effects are pronounced in the wedge flow close to the contact line, while
the bulk of the drop behaves essentially as a Newtonian fluid. For large τP , the emergence of viscoelastic stresses in the wedge
flow region causes an extra bending of the non-ideal interface near a moving contact line and the drop gets elongated.
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FIG. 7. Time evolution of the drop length Ld normalised to
the drop diameter 2R at rest for Newtonian (N, filled symbols)
and non-Newtonian (NN, open symbols) fluids and different
Bo numbers. Newtonian and non-Newtonian drops sliding at
Bo ≤ 0.0177 have the same length (data not reported). In all
cases we used a fixed L2 = 5 × 103 and polymer relaxation
time τP = 10
3 (lbu). Notice that all filled symbols (Newto-
nian drops) well collapse on the same Ld, confirming that the
elongation of the drop is a distinctive feature of viscoelasticity
for the Bo considered.
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